Abstract. Let G be the simplest nilpotent Lie group of step 3. We prove that the densities of the semigroup generated by the sublaplacian on G are not real-analytic.
Main result. Let G be the step three nilpotent Lie algebra with the commutation relations [X 1 , X 2 ] = X 3 , [X 1 , X 3 ] = X 4 . We will identify G with the corresponding connected and simply connected Lie group G = exp G, defining the multiplication in G by the Campbell-Hausdorff formula.
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Let L be the sublaplacian on G,
2 . For r > 0, let δ r be the linear operator in G defined by
Then the δ r form a one-parameter group of automorphisms of G such that the vector field X i is homogeneous of degree d(i), and the sublaplacian L is homogeneous of degree 2 with respect to δ r . We say that a smooth function f satisfies the Gevrey regularity condition G s,i at zero if there is a constant C such that
sn for all n ∈ N, and all x from a fixed small neighbourhood of zero. Our aim is to prove the following Theorem. Let s 0 < 7/6 be fixed. Then for i ∈ {1, 2, 3, 4} the kernel p 1 of the semigroup generated by L does not satisfy the condition G s 0 ,i at zero. In fact, for a fixed i there is no constant C for which
Let τ denote a riemannian distance on G. To prove the theorem we will need the following lemma.
Lemma. Assume that a function f satisfies
for n ∈ N and fixed s > 1,
Proof. Let φ be a function satisfying
exp(τ (x)) for fixed sufficiently small ε > 0 and all n ≥ 0.
To see that such a function φ exists, we take a nonzero, nonnegative function ψ ∈ C ∞ c (G) which belongs to the Gevrey class of order 1 + ε and we put φ(x) = exp(τ ) * ψ(x). Then φ satisfies (ii) because the vector fields X i are real-analytic and so
). Now for 1 + ε ≤ s we have
which completes the proof of the lemma.
Proof of the Theorem. Assume that (3) holds. By the identification of G and G, and the symmetry of p 1/2 (x), for fixed i we have
By (7) and the following (well-known, cf. [V] ) easy estimate for the kernel p 1/2 :
and the lemma, we obtain
By the homogeneity of L and X i we have
for f ∈ S (G) , where
This together with (10) implies
and consequently,
We are going to show that for our group G, estimate (13) fails for large n. Observe that (13) implies the same operator norm estimate for the unitary representation image π K of K. Let π be the unitary representation of G such that the corresponding representation dπ of the Lie algebra G is defined for f ∈ C ∞ c (R) by the formulas
and λ the corresponding eigenvalue. Then φ ∈ S(R). The theory of ODE (see [CL] ) yields
) for sufficiently large |t|.
Hence, using (18) and an integral Taylor formula, one gets
for sufficiently large |t|.
On the other hand we have dπ((Id −L)
. This contradicts (13) for s < 7/6 for i = 2 and s < 4/3 for i = 3.
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In order to show that the hypothesis (13) fails for i = 1 we observe that the Fourier transform Φ of φ satisfies the equation
By standard theory of ODE (see [CL] ) we have
) for large |t|, and consequently (using (21))
) for large |t|,
which contradicts (13) for i = 1 and s < 4/3. In order to disprove (13) for i = 4 and s < 3/2 we will use (18). It suffices to observe that the estimate
is false for δ = 2(3 − 2s) > 0 and n → ∞. This finishes the proof of the theorem.
Remark. Assume that for some s > 0 the subelliptic estimate (14) holds for all n ∈ N. Now we choose the unitary representation of the Heisenberg Lie algebra defined by dπ(X)f (t) = itf (t), dπ(Y )f (t) = d dt f (t) and we consider the image of ( * ) in π. In order to disprove analyticity of k 1 it suffices to observe that by (21) and (22) 
